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Abstract—Localization is an enabling technique for many
sensor and ad-hoc network applications. Real-world deploy-
ments demonstrate that, in practice, a network is not always
entirely localizable, leaving a certain number of theoretically
non-localizable nodes. Previous studies mainly focus on how to
tune network settings to make a network localizable; however,
they are considered to be coarse-grained, since they equally deal
with localizable and non-localizable nodes. Ignoring localizability
induces unnecessary adjustments and accompanying costs. In this
study, we propose a fine-grained approach, Localizability-aided
Localization (LAL), which basically consists of three phases: node
localizability testing, component tree construction, and network
adjustment. LAL triggers a single round adjustment, after which
some popular localization methods can be successfully carried
out. Being aware of node localizability, all adjustments made by
LAL are purposefully selected. Simulation results show that LAL
effectively guides the adjustment.

I. INTRODUCTION

As the proliferation of wireless and mobile devices contin-
ues, a wide range of context-aware applications are deployed,
including smart space, modern logistics, etc. In these appli-
cations, location information is the basis of other services,
such as geographic routing, boundary detection, and network
coverage control. A number of approaches [1]–[3] have been
proposed for in-network localization, in which some special
nodes (called beacons or anchors) know their global locations
and the rest determine their Euclidean coordinates by measur-
ing the Euclidean distances to their neighbors. The localization
problem is to figure out the locations of other nodes based
on inter-node distance measurements and global locations of
beacons.

Due to hardware or deployment constraints, a network can
be partially localizable, that is to say, some nodes have unique
locations while others do not. We find supporting evidences
from two working sensor network systems OceanSense [4] and
GreenOrbs [5]. Networks are not entirely localizable in their
initial deployments. Based on graph rigidity theory, network
localizability [6] and node localizability [7] are studied which
solve the location-uniqueness of a network or a single node,
respectively. So far one can distinguish localizable and non-
localizable nodes in theory. To locate non-localizable nodes, a
practical and convenient way is to increase the distance rang-
ing capability of sensor nodes. Enhanced nodes can measure
the distances to a larger number of their nearby nodes, thus
enhancing localizability. In popular ranging techniques, such

as Time of Arrival (ToA) and Received Signal Strength (RSS),
the capability enhancement can be achieved by augmenting
the transmitter power output. Taking a typical sensor node
TelosB with CC2420 chip as example, the RF output power is
programmable and divided into 31 levels, and the maximum
ranging distance varies from tens of centimeters to over one
hundred meters. Anderson et al. [8] propose an approach to
construct localizable networks based on power augmentation.
In their method, nodes are required to set their power doubly or
triply of the original values. We consider the method is coarse-
grained, since it equally treats localizable and non-localizable
nodes. Ignoring localizability induces a mass of meaningless
adjustments and accompanying costs.

In this study, we propose Localizability-Aided Localiza-
tion (LAL), which basically consists of three phases: node
localizability testing, component tree construction, and net-
work adjustment. We adopt the sufficient condition of node
localizability [7] in the first phase to identify localizable and
non-localizable nodes. Then a fine-grained configuration is
computed systematically according to network topology and
localizability information in the second and third phases.
LAL triggers a single round adjustment, which does not
require multiple round of configuration dissemination and data
collection. After that, some popular localization methods can
be successfully carried out. Theoretical analysis guarantees
a tuned network is localizable and thus well-prepared for
localization. The main contributions of this study are as
follows: First, being aware of node localizability, adjustments
made by LAL are purposefully selected, avoiding meaning-
less ranging and communication costs. Second, LAL is light
weight, working properly with existing localization methods
(e.g., iterative trilateration, Robust Quad [3], Sweeps [2],
etc.) without incompatibility. Finally, extensive simulations are
conducted to validate the effectiveness of our design.

The rest of the paper is organized as follows. We provide
the theoretic foundations for LAL in Section II. Section III
presents the design and implementation of LAL. Evaluation is
discussed in Section IV. We conclude the work in Section V.

II. THEORETIC FOUNDATION

A. Preliminary

The ground truth of a network can be modeled by a distance
graph G = (V,E), where V denotes the set of vertices
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(wireless devices, e.g. sensor node, RFID) and E denotes the
set of edges. For i, j ∈ V, (i, j) ∈ E if the distance between i
and j can be measured or both of them are in known locations
(e.g. beacon nodes). We assume G is connected and has at least
four vertices, and focus on 2D space in the following analysis.

Localization and localizability are usually studied in the
framework of graph theory. Localization is to find a map p
(a.k.a., realization) from vertices in G to points in a Euclidean
space. If p respects the distance constraints between any pair
of vertices as depicted in E, p is a feasible realization of graph
G. Two realizations are equivalent if they are identical under
translations, rotations and reflections. A distance graph G has
at least one feasible realization which represents the ground
truth of the corresponding network.

A realization is generic if the vertex coordinates are al-
gebraically independent. Since the set of generic realizations
is dense in the realization space, almost all realizations are
generic and we omit this word hereafter. A graph is called
rigid if one cannot continuously deform its realizations while
preserving distance constraints, and redundantly rigid if it
remains rigid upon removal of any single edge [9]. A graph
is globally rigid if it is uniquely realizable [10].

Theorem 1 ( [11]). A graph with n ≥ 4 vertices is globally
rigid in 2 dimensions if and only if it is 3-connected and
redundantly rigid.

A graph G = (V,E) is called k-connected (for k ∈ N) if
|V | > k and G −X is connected for every set X ⊆ V with
|X| < k. In other words, no two vertices in G are separated
by fewer than k other vertices.

Eren et al. [6] further prove that a network is uniquely
localizable if and only if its distance graph is globally rigid
and it contains at least three beacons.

Theorem 2 ( [7]). In a distance graph G = (V,E) with a
set B ⊂ V of k ≥ 3 vertices at known locations, a vertex is
localizable if it is included in the redundantly rigid component
inside which there are three vertex-disjoint paths to three
distinct vertices in B.

A redundantly rigid component is a maximal redundantly
rigid subgraph in G. Theorem 2 is a sufficient condition of
node localizability, denoted by RR3P for short, where RR and
3P stand for redundant rigidity and three vertex-disjoint paths,
respectively.

Given a non-localizable graph, it is important to make it
localizable through incremental construction. Define G2 as
(V,E ∪E2) where (i, j) ∈ E2 if i 6= j and ∃k ∈ V such that
(i, k) and (j, k) ∈ E. Similarly, define G3 as (V,E∪E2∪E3)
where (i, j) ∈ E3 if i 6= j and ∃k ∈ V such that (i, k) ∈ E
and (j, k) ∈ E2. Based on Theorem 1, Anderson et al. present
the following result.

Theorem 3 ( [8]). Let G = (V,E) be a 2-edge-connected
graph in 2-dimension space. Then G2 is globally rigid.

G is called l-edge-connected, if |V | > 1 and G − F is
connected for every set F ⊆ E of fewer than l edges. A k-

connected graph is also k-edge-connected.
G2 is obtained from G by adding edges between two-

hop vertex pairs. Note that in some ranging techniques (e.g.
RSS and ToA), RF signal is used for distance measurement.
Thus the communication range approximately represents the
maximum ranging distance. In a wireless network, doubling
the communication range will produce a new graph which has
G2 as a subgraph. Similarly, G3 can be obtained by tripling
the communication range. Anderson et al. [8] also prove that,
if G = (V,E) is connected, G3 is globally rigid (specifically,
G3 can be localized by iterative trilateration).

B. Component Tree

To support fine-grained network adjustment, we decompose
a graph into components according to connectivity. A 2-
connected component in a graph G is a maximal subgraph
of G without articulation vertex whose removal disconnects
G. We obtain the following theorem about 2-connected com-
ponent and localizable vertices.

Theorem 4. Given a connected distance graph G with more
than 3 vertices, all beacons and localizable vertices recognized
by RR3P in G are in the same 2-connected component.

Due to space limit, we omit the detail proof hereafter.
We call the 2-connected component in Theorem 4 anchor
component (denoted by GA) for convenience.

Theorem 5. Suppose G = (V,E) is a 2-connected graph with
a set B of k ≥ 3 beacons and B ⊂ V . Let VN denote the set
of non-localizable vertices, and EN denote the set of edges
(i, j), i ∈ VN and (i, j) ∈ E2. Then, G = (V,E ∪ EN ) is
localizable.

A direct result of Theorem 5 is that, if we add EN to the
anchor component, GA becomes localizable. GA can be seen
as localizable in the following analysis.

We decompose a graph into 2-connected components. Ex-
cept for the anchor component, all of them are non-localizable.
We classify the components into two categories, as illustrated
in Fig. 1. Category I has two inter-connected vertices, and is
trivially 2-connected. Category II has at least three vertices.
The anchor component is a category II component.

(a) Category I (b) Category II (example)

Fig. 1. Two categories of 2-connected components.

Two components sharing a common vertex are adjacent.
They cannot have more than one common vertex, or they
should be merged into one. We construct component tree
T = (VT , ET ) of G = (V,E) as follows. Any vertex i ∈ VT

corresponds to a 2-connected component of G and (i, j) ∈ ET

if the correspondents of i and j are adjacent in G. For
convenience, let GA be the root of T . We decompose G into
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several 2-connected components and connect neighboring ones
in T . Following such construction, T contains no cycle.

Location information, as well as localizability, diffuses from
the root of T to leaf vertices along tree edges. Another issue
needs to be addressed here is the path from the root to any
tree vertex in T . The category permutation of the components
along a path determines how to make adjustments in our
solutions. For simplicity, we use a string such as “II+...+I”
to describe the categories of components on a path, from the
root to a destination component. We call such a string “path
string” henceforth.

C. Component Based Adjustment

Before discussing the detail of component based adjustment,
we define the operation of vertex augmentation.

Definition 1. (Vertex Augmentation) In a graph G = (V,E),
the vertex augmentation of v ∈ V (denoted by vk, k ∈ N) is
to connect v and its i-hop neighbors in G (i ≤ k).

In a distance graph G = (V,E) of a network, for any v ∈ V ,
vn can be achieved by increasing the ranging capability of v
(more accurately, v’s correspondents) by n times.

Since there are two categories of 2-connected component
according to the classification in this work, the path string of
a component can be decomposed into a series of overlapping
segments of two consecutive categories. There are four cases:
“I+I”, “I+II”, “II+I”, and “II+II”. If we provide adjustment
solutions for all four cases to make the corresponding compo-
nents localizable, the entire network becomes localizable by
applying these solutions from the root to leaves in the compo-
nent tree. When discussing the solutions of the four cases, we
assume the former component has already been manipulated
and thus localizable. The assumption is reasonable because
GA is the root and made localizable according to Theorem 5.

• Case “II+I”
Suppose two corresponding components are G1 and G2, as

shown in Fig. 2. The vertex v1 is localizable and has two
localizable neighbors v2 and v3 in G1. Suppose the neighbor
of v1 in G2 is v4. The operation v2

4 adds two edges (v4, v2)
and (v4, v3) in E2, which makes v4 localizable by connecting
it to three localizable vertices.

Fig. 2. Case “II+I”: localize the category I component by adding two edges.
Solid lines are edges in E and dashed lines are edges in E2.

• Case “II+II”
Fig. 3 shows two category II components G1 and G2. The

vertex v1 is localizable, and has two localizable neighbors v2

and v3 in G1, and two non-localizable neighbors v4 and v5

in G2. G2
2 is globally rigid according to Theorem 3. Similar

to the case “II+I”, v4 and v5 are made localizable by v2
4 and

v2
5 . Then G2

2 is localizable since it is globally rigid and has
three vertices whose location can be uniquely determined by
calculations.

Fig. 3. Case “II+II”: G2
2 is localizable through v2

4 and v2
5 . Solid lines are

edges in E, and dashed lines are edges in E2.

• Case “I+I”
Suppose the two category I components are G2 and G3. v2

is the articulation vertex of G2 and G3, and two vertices v1

and v3 reside in two components, respectively, as shown in
Fig. 4. Because all paths start with a category II component
GA, G2 must have a parent component G1. No matter the
category of G1, v1 has at least one localizable neighbor v4.
v2
3 only adds a single edge (v1, v3), and v3 still does not fulfill

the sufficient condition in Theorem 2. To make v3 localizable,
at least one edge such as (v3, v4) should be added. That is
to say, we should do v3

3 in the original topology to make G3

localizable.

Fig. 4. Case “I+I”: v3
3 is needed to make G3 localizable. Solid lines are

edges in E. The dashed line is an edge in E2, and the dotted line is an edge
in E3.

• Case “I+II”
Suppose the two components are G2 and G3 as shown

in Fig. 5. Similar to the case “I+I”, v3
3 is needed to make

v3 localizable. Then, v2
4 makes v4 localizable. Since G2

3 is
globally rigid according to Theorem 3 and the locations of
three vertices v2, v3, and v4 can be uniquely determined, all
vertices in G3 are localizable.

Fig. 5. Case “I+II”: v3
3 (or v3

4) is needed to make G2
3 localizable.

III. LAL DESIGN AND IMPLEMENTATION

The previous section established the theoretical foundation
of LAL. In this section, we discuss LAL design and imple-
mentation. Basically, LAL consists of three major steps, as
depicted in Fig. 9.
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Fig. 6. Workflows of traditional approaches and LAL.

• Step 1: Localizability testing. When a network is de-
ployed in an application field, due to some systematic
or environment factors unpredictable in the design phase,
it may be not ready for localization. Hence, node local-
izability is conducted foremost in LAL, which identifies
localizable and non-localizable nodes in a network for
further adjustment.

• Step 2: Structure analysis. To support fine-grained manip-
ulation, we decompose a distance graph into 2-connected
components. These components are organized in a tree
structure and the one containing beacons is the root.
Adjustments are conducted along tree edges from the root
to leaves.

• Step 3: Distinctive adjustment. LAL treats nodes dif-
ferently according to their localizability and places in
the component tree. Through vertex augmentation, LAL
converts all non-localizable in one round. The networks
tuned by LAL are localizable and can be localized by
existing localization approaches.

Step 1 can be done by applying Theorem 2. Given a specific
node, its localizability relies on the property of disjoint paths
and redundant rigidity, which can be tested in polynomial time
by network flow algorithms and the pebble game algorithm
[12], respectively. In step 2, a graph is decomposed into 2-
connected components using depth-first search. In step 3, node
adjustments described in Section II are conducted along the
paths of the component tree starting at the root. For step 3,
we propose an algorithm LAL Basic as described below.

In LAL Basic, edges are first added by vertex augmentation
of all non-localizable vertices in GA, and GA is then localiz-
able according to Theorem 5. For a component other than GA,
the categories of the component and its parent component are
used to guide adjustments as described in Section II. The above
process is first applied to the children components of GA, and
recursively repeats until all components get manipulated. After
applying the above algorithm, the entire network is localizable.
Popular localization algorithms can then be used seamlessly
to localize all nodes in the network without compatibility.

Proposition 1. Given the locations of localizable nodes, for
any non-localizable node v in a connected graph G = (V,E),
v can be localized by Sweeps [2] after the execution of
LAL Basic.

To reduce the number of redundant edges added in cate-
gory II component, we analyze the graph properties of these
components and find the following observations in the original

Algorithm 1 Add Heuristic
Require: A 2-connected component Gi, and localizability

vector of vertices.
1: if Gi is GA then
2: for each non-localizable vertex vj ∈ Gi do
3: if vj has localizable neighbor then
4: Add vj into a set VD.
5: end if
6: end for
7: for each vertex vj ∈ VD do
8: Add edges based on Observation 1.
9: Mark vj localizable.

10: Apply Observation 3.
11: end for
12: end if
13: flag ← 1
14: while not all vertices in Gi are localizable and flag ==1

do
15: flag ← 0
16: for non-localizable vertex vj ∈ Gi do
17: num← amount of localizable 2-hop neighbors
18: if num > 3 then
19: Add edges based on Observation 2.
20: Mark vj as localizable.
21: flag ← 1
22: Apply Observation 3.
23: end if
24: end for
25: end while
26: for each vertex vk marked non-localizable in Gi do
27: Vertex augmentation v2

k

28: end for

communication graph.
Observation 1: In GA, some non-localizable vertices have

one localizable neighbor. The localizable vertex has at least
three vertex-disjoint paths to three beacons. Adding two edges
which connect two neighbor vertices (of the localizable one)
on different vertex-disjoint paths to the non-localizable vertex
is enough to make the vertex localizable. Moreover, only one
edge is needed if a non-localizable vertex has two localizable
neighbors in GA.

Observation 2: If a non-localizable vertex has three or more
localizable vertices within two-hop distance, connecting it to
three localizable vertices makes it localizable.

Observation 3: Some globally rigid components are not
localizable in the original network topology due to the lack
of beacons. If three nodes are adjusted to be localizable in
a globally rigid component, the component is immediately
localizable without extra manipulation.

We revise LAL Basic and propose a heuristic algorithm
LAL Heuristic. The difference between the two algorithms
lies in the way they add edges in category II components.
LAL Heuristic uses a function named Add Heuristic to add
edges instead of vertex augmentation. The pseudo-code of
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the function is shown in Algorithm 1. The correctness of
Algorithm 1 is guaranteed by Theorem 1 and Theorem 5.

IV. EVALUATION

We compare LAL with the indistinctive approach proposed
by Anderson et al. [8], denoted by IND. LAL B and LAL H
denote LAL Basic and LAL Heuristic, respectively. We ran-
domly generate networks of 400 nodes which are uniformly
distributed in a unit square [0, 1]2. The disk model with a
radius is adopted for communication and distance measure-
ment. For each setting, we integrate results from 100 network
instances, with three beacons in each instance. The original
communication range is denoted by R. For each instance, we
change the value of R from 0.06 to 0.98 stage-by-stage with
a step length of 0.002.

As shown in Fig. 7 and Fig. 8, our approach needs to add
much less edges to the original distance graph than IND does.
The largest difference is found when R = 0.072, where IND
adds about 5000 more edges than LAL B and LAL H. The
variation of all the curves in Fig. 7 and Fig. 8 can be explained
with Fig. 9. When the value of R is small, the network is
not 2-connected in most instances. IND needs to triple the
communication range of all nodes in these instances. As R
increases, most network instances are still not 2-connected, but
the average degree is increased, so the number of edges keeps
increasing. When R increases to a larger value such as 0.074,
the average size of GA are over 395, which implies most
instances are 2-connected. Nodes in 2-connected instances
only need to double the range, and at the same time more
instances become localizable, so the number of edges of IND
decreases as the value of R increases. When R > 0.085, most
instances has no non-localizable nodes and no edges need to
be added. The curves of LAL B and LAL H follow the same
trend. They reach the peak value when R = 0.064, because R
and the number of edges are keep increasing while the number
of localizable nodes in GA keeps almost unchanged with a
very small value as shown in Fig. 9. We can also find that
LAL H needs fewer extra edges than LAL B does in most
cases.

V. CONCLUSION

We analyze the limitations of existing studies on localization
in non-localizable networks, and propose a localizability-aided

approach named LAL. LAL make adjustments according to
node localizability results, other than indistinctively consider
the network as a whole. Our designs not only excel previous
work theoretically, but also have some good characteristics for
practical application.
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